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Topological Mott insulators of ultracold atomic mixtures induced by interactions in
one-dimensional optical superlattices
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Institute of Physics, Chinese Academy of Sciences, Beijing 100190, China
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We present exactly solvable examples that topological Mott insulators can emerge from topo-
logically trivial states due to strong interactions between atoms for atomic mixtures trapped in
one-dimensional optical superlattice systems. The topological Mott insulating state is characterized
by nonzero Chern number and appears in the strongly interacting limit as long as the total band
filling factor is an integer, which is not sensitive to the filling of each component. The topological
nature of the Mott phase can be revealed by observing the density profile of the trapped system.
Our results can be also generalized to the multi-component atomic systems.
PACS numbers: 05.30.Fk, 03.75.Hh, 73.21.Cd, 67.85.Pq
I. INTRODUCTION
Topological band insulators have attracted great at-
tention in condensed matter physics since they were dis-
covered in spin-orbit coupled two-and three-dimensional
systems1,2. As the topological insulator (TI) is expected
to be robust against weak perturbations, it is important
to consider the effect of interactions on the topological
band insulators3–6. Although generally a strong interac-
tion may open the energy gap and break the TI, there
exists a class of topological insulator called as the topo-
logical Mott insulator (TMI), where the interaction ef-
fects are responsible for TI behavior7. The topological
Mott phases have attracted increasing attention8–15 since
the concept is proposed as interaction plays a crucial role
in the formation of both the Mott phase and nontrivial
topology. As almost all these results based on the mean-
field approximation, examples with the interaction effect
counted exactly is particularly important for our under-
standing of the TMI.
In this work, we explore the realization of topo-
logical Mott phases in cold atomic systems trapped
in one-dimensional (1D) quasi-periodic optical lattices,
which can be generated by superimposing two 1D op-
tical lattices with commensurate or incommensurate
wavelengths16–18. Cold atomic systems in 1D quasi-
periodic lattices have been extensively studied19–22 with
a focus on the Anderson localization17. However, their
nontrivial topological features are recognized only very
recently23,24. Particularly, with the experimental obser-
vation of the topological edge states in 1D photonic quasi-
crystals24 there is a growing interest in the study of topo-
logical properties in the 1D quasi-periodic lattices25–30.
It has been shown that the free fermion system with its
sub-bands being fully filled is a topological nontrivial in-
sulator characterized by a nonzero Chern number in a
two-dimensional (2D) parameter space23. In this work,
we study the interacting atomic mixtures in the 1D su-
perlattice with its sub-bands are partially filled by atoms.
In the absence of inter-component interaction, the system
may be a Fermi metal, a Bose superfluid or their mixture,
depending on the component of mixture being fermion or
boson. We find that a TMI may emerge in the strongly
interacting regime if the total band filling is an integer.
This conclusion is exact in the limit of infinitely strong in-
teraction (ISI) as it is based on an exact mapping which
relates the many-body wavefunction of two-component
mixture to the wavefunction of free fermion system. Our
study provides a simple way to realize the TMI in cold
atomic systems and may deepen our understanding of the
TMI.
II. MODELS AND RESULTS
A. Models of interacting atomic mixtures in
optical superlattices
We consider the 1D atomic mixtures loaded in a bichro-
matic optical lattice16–18, which is described by H =
H0 +HI with
H0 = −t
∑
i,σ=↑,↓
(cˆ†i,σ cˆi+1,σ +H.c.) +
∑
i,σ=↑,↓
Vinˆi,σ (1)
and
HI = U
∑
i
nˆi,↑nˆi,↓ +
∑
i
1
2
Uσnˆi,σ (nˆi,σ − 1) , (2)
where Vi = λcos(2παi+δ) with λ controlling the strength
of commensurate potential, α tuning the modulation pe-
riod and δ being an arbitrary phase, ci,σ are bosonic or
fermionic annihilation operators localized on site i, and
niσ = c
†
iσ
ciσ . Here σ =↑, ↓ denotes the pseudo-spin in-
dex of two components of atomic mixtures, which can
be either fermion or boson. For the two-component sys-
tems, there are three kinds of mixtures, i.e., Fermi-Fermi
(FF) mixture, Bose-Bose (BB) mixture and Fermi-Bose
(FB) mixture. The interaction parameter U denotes the
inter-component interaction strength, and Uσ the intra-
component interaction strength with Uσ = 0 between
2fermionic atoms. Both U and Uσ can be experimentally
tuned to the limit of ISI by the Feshbach resonance31.
The hopping amplitude t is set to be the energy unit
(t = 1).
In the absence of interactions, the eigenvalue equation,
namely the Harper equation, is given by
− [φn(i+1)+φn(i−1)]+λcos(2παi+δ)φn(i) = ǫnφn(i),
(3)
where φn(i) denotes the single particle wave function and
ǫn the n-th single particle eigenenergy
32–34. For a super-
lattice with α = p/q (p and q are co-prime integers), the
system has a unit cell of q sites and the single-particle
spectrum is split into q bands. Given that the number
of σ-component atoms is Nσ and the number of lattice
sites is L, we define the component-depending band fill-
ing factor as νσ = Nσ/Ncell with Ncell = L/q being the
number of primitive cells. For a Fermi system, the sys-
tem with the band filling factor νσ = m (m is an inte-
ger smaller than q) corresponds to a band insulator with
the lowestm bands being fully filled by the σ-component
fermion. Such a band insulator has been demonstrated to
be characterized by a nontrivial topological Chern num-
ber in a 2D parameter space spanned by momentum and
the phase of δ23. In this work we shall consider the two-
component system with fractional filling factors ν↑ and
ν↓ but the total band filling factor ν = ν↑ + ν↓ being
an integer. For the noninteracting system, the sub-band
is only partially filled and the system is a topologically
trivial conductor. We shall show that a Mott phase can
emerge from the conducting phase with an integer total
filling factor when the interaction effect is considered.
B. Emergence of Mott phase
To give a concrete example, we first consider the FF
mixture described by the Hamiltonian (1) and (2) with
Uσ = 0. We consider the case with α = 1/3 and ν = 1,
for which n = N/L = 1/3, and calculate the charge gap
defined as ∆ = [E0(N + 1) + E0(N − 1)]/2 − E0(N) by
numerically diagonalizing the Hamiltonian, where E0(N)
represent the ground state (GS) energy for the N-atom
system. In the Fig.1a, we show the charge gap versus
U for the equal-mixing case with ν↑ = ν↓ = 1/2. For
the system with either N = 4 or N = 6, the charge gap
increases with increasing U and tends to ∆b/2 in the large
U limit, where ∆b represents the band gap between the
lowest band and the second one. The numerical results
indicate that a Mott insulator is emergent in the strongly
interacting limit as the gap is induced by the interaction.
Next we calculate the charge gap versus U for various
U ′ for the equal-mixing FB mixture. Here we use U ′ to
represent intra-component bosonic interaction strength
for the two-component FB mixture. As shown in Fig.1b
for the system of N = 4, with increasing U ′, the charge
gap increases and the curve approaches the curve of FF
mixture. In the limit of hard-core boson, i.e., Uσ → ∞
0 20 40 60 80 100
0.0
0.1
0.2
0.3
0.4
0.5
0 20 40 60 80 100
0.0
0.1
0.2
0.3
0.4
0.5
0 20 40 60 80 100
0.4
0.6
0.8
1.0
 
 
b
U
 N=4
 N=6
(a)
 
 
U
 U'=0
 U'=1
 U'=10
 U'=50
 U'=100
(b)
 
 
C
he
rn
 n
um
be
r
U
FIG. 1: (Color online) The charge gap versus the interac-
tion strength U for equal-mixing Fermi-Fermi system (a) and
Fermi-Bose system (b) with α = 1/3, λ = 1.5, δ = 0, and
n = 1/3 under periodic boundary conditions (PBC). The in-
set in (a) shows the Chern number versus U.
for the BB mixture and U ′ → ∞ for the FB mix-
ture, both the BB and FB model can be mapped into
the Fermi Hubbard model by extended Jordan-Wigner
transformations35. Therefore, the above discussion on
the FF mixture can be directly applied to hard-core-
boson limit of the FB and BB mixtures.
C. Atomic mixtures in the strongly interacting
limit
The emergence of the charge gap for the superlat-
tice system with integer band filling factor can be
clearly understood in the limit of ISI, where we can
construct the many-body wavefunction of the FF sys-
tem exactly by using the hard-core contact boundary
condition (HCCBC)36 and group theoretical methods37.
Combining with the Pauli exclusion principle, the
effect of an ISI can be reduced to the HCCBC
Ψ (x1, σ1; · · · ;xN , σN ) |xi=xj= 0, which does not depend
on spin configurations. According to Ref.37, the many-
body wave function can be represented as Ψ = ΨAΨS ,
where the spatial wave function ΨA is composed of Slater
determinant of N = N↑ +N↓ orbitals φ1(x), · · · , φN (x),
given by
ψA(x1, . . . , xN ) = (N !)
− 1
2 det[φn(xi)]
n=1,...,N
i=1,...,N (4)
with φn(x) (x = ia with a the lattice constant) the eigen-
state of the single particle Hamiltonian H0, whereas ΨS
is a mapping function composed of linear combination
of production of sign function and basis tensor of spin,
whose explicit form is given in Ref.37. Effectively, the
3(b)(a)
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FIG. 2: (Color online) Schematic diagram for the ground state
energy level occupations for system with α = 1/3, N↑ = N↓ =
2 and L = 12. (a) is for U = 0 and (b) is for U →∞.
effect of infinite repulsion is to generate a Pauli exclu-
sion between different components of fermions, which has
been experimentally observed in a two-particle system of
fermionic 6Li atoms with tunable interactions38.
Now we can understand the formation of Mott phase
by considering the case in the limit of ISI. As illustrated
in Fig.2, for the superlattice with α = 1/3, the energy
levels split into three bands. When U = 0, the lowest
band is only partially filled for ν↑ = ν↓ = 1/2. However
the lowest band is fully filled in the limit of U → ∞
corresponding to ν = 1 as each energy level can only be
occupied by a fermion with either spin up or spin down,
and consequently a charge gap is opened. According to
the definition of charge gap, we have ∆ = ∆b/2 as adding
a fermion costs the energy of ∆b, which is consistent with
the numerical result displayed in Fig.1. For a general
case with α = 1/q, the energy levels are composed of q
bands. As long as ν = m with m = 1, · · · , q − 1, a Mott
insulator is formed as U → ∞. For a fractional ν, for
example, ν < 1, the lowest band is not fully filled even in
the limit of ISI, and thus no finite charge gap is opened.
The above discussion can be directly applied to the BB
mixture and FB mixture in the limit of ISI. As U → ∞
and Uσ → ∞, the effect of ISIs can be also reduced to
the HCCBC, which enforces an effective Pauli exclusion
to hard-core bosons and between different components
of atoms. Consequently, the exact wave function of the
system can be also represented as Ψ = ΨAΨS, where ΨA
is identical to the expression of (4), but ΨS has differ-
ent form for different kind of mixtures36,37,39. For the
BB mixture, ΨS =
∏
1≤i,j≤N sgn(xi− xj), where sgn(x)
is the sign function. The explicit form of the mapping
function ΨS for the FB mixture is given in Ref.
36.
D. Topological feature of the Mott phase
To characterize the topological feature of the many-
body states, it is convenient to introduce a general-
ized boundary phase θ by applying the twist bound-
ary condition (TBC). In the 2D parameter space of
(θ, δ), we can calculate the Chern number of the many-
body state, which is defined as an integral invariant
0.0
0.5
1.0
1.5
2.0
0.0
0.5
1.0
1.5
2.0
-1.0 -0.5 0.0 0.5 1.0
0.0
0.2
0.4
0.6
0.8
1.0
-1.0 -0.5 0.0 0.5 1.0
0.0
0.2
0.4
0.6
0.8
1.0
 
 
E
-E
0
(a)
 
 
(b)
 
 
E
-E
0
(c)
 
 
(d)
FIG. 3: (Color online) Low-energy spectrum versus δ for two-
component mixture systems with λ = 1.5 and different α in
the infinitely repulsive limit. (a) α = 1/3, N = 30, L = 90
under PBC; (b) α = 1/3, N = 30, L = 91 under OBC; (c)
α = 1/5, N = 40, L = 100 under PBC; (d) α = 1/5, N = 40,
L = 101 under OBC.
C = 12pi
∫
dθdδF (θ, δ), where F (θ, δ) = Im(〈∂Ψ
∂δ
|∂Ψ
∂θ
〉 −
〈∂Ψ
∂θ
|∂Ψ
∂δ
〉) is the Berry curvature40,41. For the two-
component mixtures in the limit of ISI, we notice that
the many-body wave functions under TBC can be rep-
resented as Ψ(θ, δ) = ΨA(θ, δ)ΨS , where only ΨA varies
with the change of θ and δ, whereas ΨS is independent
of θ and δ as it is composed of combination of produc-
tion of sign functions. This greatly simplifies the calcula-
tion of the Chern number as F (θ, δ) = Im(〈∂ΨA
∂δ
|∂ΨA
∂θ
〉 −
〈∂ΨA
∂θ
|∂ΨA
∂δ
〉), where ΨA is given by Eq.(4). Consequently,
the Chern number for atomic mixtures composed of N↑
and N↓ two-component atoms is identical to the Chern
number of the system composed of N free fermions. For
the system with α = 1/3, the Mott insulators are formed
when ν = 1 and ν = 2, corresponding to states with
Chern number C = 1 and C = −1, which characterizes
the Mott insulators being topologically nontrivial. For
the system with a finite U , the Chern number can be ob-
tained via numerically calculating the many-body wave-
function under TBC41. As shown in the inset of Fig.1a,
the Chern number for systems with ν = 1 approaches
1 even for a very small U . Such a result reminds us a
similar phenomenon in the 1D Hubbard model without
periodic modulation, for which the half-filling Hubbard
system enters the Mott phase for an arbitrary repulsive
interaction as shown in the seminal work of Lieb and
Wu42. The results for finite U indicate that our exact
conclusions in the limit of ISI are robust even when the
interaction deviates the limit of ISI. When the filling de-
viates ν = 1, the Chern number is no longer an integer
number.
According to the bulk-edge correspondence in general
4topological insulators, one may expect that the TMIs
should display nontrivial edge states for the system with
open boundary conditions (OBC). To see it clearly, we
display the excitation spectrum versus the phase δ for
mixture systems in the strongly interacting limit with
ν = 1, α = 1/3 and ν = 2, α = 1/5 in Fig.3. The system
with ν = 1 and α = 1/3 is a TMI characterized by the
Chern number C = 1, whereas the TMI corresponding to
ν = 2 and α = 1/5 is characterized by C = 2. As shown
in Fig. 3a and Fig. 3c, there is an obvious gap between
the GS and the first excited state for systems with PBC.
However, as shown in Fig. 3b and Fig. 3d, edge states
appear in the gap regimes for systems with OBC. As the
phase varies from −π to π, the edge states connect the
GS to the excited band.
For the periodic modulation system under PBC con-
sidered in the current work, the unit cell is composed of
q different sites, and one need take the lattice size L as
L = qNcell to fulfill the PBC. However, for the system
under OBC, one can take the lattice size L = qNcell + i
with i = 0, · · · , q − 1, i.e., we have q different choices43.
For example, for the periodic system with α = 1/3 and
L = 90, we should have three different choices of lattice
sizes with L = 90, 91, and 92 under OBC. In Fig. 3b, we
only present the example with L = 91. To see clearly the
effect of lattice sizes, here we present the energy spec-
trums versus δ with different lattice sizes under OBC in
Fig.4. The top three figures in Fig.4 are for single-particle
spectra and the bottom ones are for many-body systems
of N = 30 in the strongly repulsive limit. Three columns
from left to right are with L = 90, 91 and 92, respec-
tively. As shown in the figure, the positions of the gap-
less single-particle edge modes change with the change of
lattice sizes, and correspondingly shapes of many-body
edge modes also change. However, the edge modes al-
ways connect ground state and excited bands in the bulk
gap regime for different sizes. It is clear that the choice
of different lattice sizes under OBC affects the concrete
shape of edge modes, but does not change its topologi-
cal properties demonstrating by edge modes connecting
ground state and excited bands in the band gap regime
of the corresponding bulk system.
When the interaction deviates from the limit of ISI, de-
spite of the exact mapping no longer holding true, our nu-
merical results indicate that the topological Mott phase
still exits. To see how the edge states change when U
deviates the limit of ISI, we display the excitation spec-
trum versus the phase δ for the FF mixture system with
α = 1/3, N↑ = N↓ = 2, L = 12 and various U under
the OBC in Fig.5. As shown in Fig.5, the excitation
spectrum for the system with U = 100 exhibits almost
the same behavior of system in the limit of ISI as shown
in Fig.4b. For U = 10 and U = 5, the spectra still have
similar structures but with the GS levels being broadened
for smaller U due to spin fluctuations as the degeneracy
of GSs in the limit of ISI is lifted for finite interactions.
However, for U = 1, no obvious edge modes can be de-
tected as no an obvious gap regime appears in the weakly
-2
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FIG. 4: (Color online) Low-energy spectrum versus δ for the
systems with λ = 1.5, α = 1/3, and various L under open
boundary condition. The top three figures are for single-
particle spectrums and the bottom ones are for many-body
systems with N = 30 in the strongly repulsive limit. Three
columns from left to right are with L = 90, 91 and 92, respec-
tively.
interacting regime even under the PBC. In order to see
the effect of lattice size, we also present results for the
system with α = 1/3, N↑ = N↓ = 2 and a different lattice
size of L = 13 in Fig.6. It is clear that the low-energy
excitation spectra have similar behaviors as that of the
system with L = 12 shown in Fig.5. For both systems,
the edge modes connect the lower energy parts and the
higher excited ones, which is consistent with the results
in the limit of ISI as shown in Fig.4(b) and Fig.4(d).
Our results can be directly extended to the general
multi-component atomic systems trapped in 1D super-
lattices. When the inter-specie and inner-specie interac-
tions between atoms go to the strongly interacting limit,
an effective Pauli exclusion between atoms arises. There-
fore, a TMI is expected to appear in the topologically
nontrivial superlattice as long as the total filling factor
ν =
∑
κ νκ is an integer, where κ is the component index
of the multi-component atomic mixture.
E. Experimental detection
A possible way to observe the TMI is to detect the
density distribution of the superlattice systems with an
external confining potential, i.e., Vi in Eq.(1) is replaced
by Vi = λcos(2παi + δ) + VH(i − i0)2, where VH is the
strength of the harmonic trap with i0 being the position
of trap center. In Fig.7, we show the local average den-
sity distribution of two-component fermions with imbal-
ance populations trapped in the optical superlattice with
a harmonic trap. The local average density is defines
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FIG. 5: (Color online) Low-energy spectrum versus δ for the
Fermi-Fermi mixture with α = 1/3, λ = 1.5 N↑ = N↓ = 2,
L = 12 and various U under open boundary condition. (a)
U = 1, (b) U = 5, (c) U = 10 and (d) U = 100.
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FIG. 6: (Color online) Low-energy spectrum versus δ for the
Fermi-Fermi mixture with α = 1/3, λ = 1.5 N↑ = N↓ = 2,
L = 13 and various U under OBC. (a) U = 1, (b) U = 5, (c)
U = 10 and (d) U = 100.
as ρi =
∑M
j=−M ni+j/(2M + 1) with M ≪ L23, where
ni = 〈nˆi,↑〉+ 〈nˆi,↓〉. In the strongly interacting limit, two
plateaus with ρ = 1/3 and ρ = 2/3 appear for α = 1/3,
whereas four plateaus with ρ = 1/5, 2/5, 3/5, 4/5 appear
for α = 1/5. We note that locations of plateaus appear
at ρ(α) = α, 1 − α, 2α, 1 − 2α, ..., if the values are in
the range of (0, 1). For contrast, the density profiles for
U = 0 do not exhibit these plateaus. The Chern num-
ber can thus be deduced from the plateau distribution by
using the Streda formula23,44 C = ∂ρ(α)
∂α
. It is straight-
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FIG. 7: (Color online) The local average density distributions
for the superlattice with α = 1/3 (a), and α = 1/5 (b) trapped
in the harmonic trap. The system is with 1600 sites, N↑ =
400, N↓ = 500, λ = 1.5, δ = 0 and VH = 2× 10
−6. The dash
line is for the case of U = 0 and the solid line is for the case
of U →∞. Here, we take M = (q − 1)/2.
forward to get C = 1,−1 for ρi = α, 1−α and C = 2,−2
for ρi = 2α, 1 − 2α. Alternative methods of detecting
Chern numbers in optical lattices through time-of-flight
images have also been proposed45,46.
III. SUMMARY
In summary, we studied the realization of TMIs in in-
teracting atomic mixtures trapped in 1D optical super-
lattices. We give a clear interpretation for the forma-
tion of TMI by using an exact mapping, which relates
the many-body wavefunction of atomic mixtures in the
strongly interacting limit to that of the free fermion sys-
tem. The TMI displays nontrivial edge states and can
be characterized by a nonzero Chern number. The topo-
logical feature of the Mott insulator can be revealed by
detecting plateaus of density profiles of the trapped lat-
tice systems. Our results pave the way for experimentally
studying TMIs in 1D optical lattices and can be directly
extended to the general multi-component atomic systems
trapped in 1D superlattices.
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6Appendix A
In the appendix, we make a comparison between the
interacting Fermi-Fermi mixtures described by Hamilto-
nian (1) and (2) and the interacting Hofstadter model de-
scribed by H2D = H2D0 +H
2D
I
33. For a two-dimensional
square lattice in a uniform perpendicular magnetic field
B, under the Landau gauge ~A = B(0, x, 0), the noninter-
acting part H2D0 is given by
32
H2D0 =
∑
i,j,σ=↑,↓
−txcˆ†i,j,σ cˆi+1,j,σ
−tye−i2piαicˆ†i,j,σ cˆi,j+1,σ +H.c., (A1)
where tx and ty are the strength of the nearest-neighbor
hopping along the x and y directions, cˆi,j,σ is the anni-
hilation operator of the fermions with spin σ at (i, j) in
the lattice, and α is the ratio of flux through a unit cell
to one flux quantum. For a Fermi-Fermi mixture, the
on-site term at (i, j) site in the lattices is given by
H2DI = U
∑
i,j
nˆi,j,↑nˆi,j,↓, (A2)
Taking a Fourier transformation in the y direction cˆi,j,σ =
1√
Lky
∑
ky
e−ikyj cˆi,ky ,σ, we can rewrite the Hamiltonian
H2D = H2D0 +H
2D
I in the ky-momentum space as
H2D0 =
∑
i,ky ,σ=↑,↓
−tx
(
cˆ†i,ky ,σ cˆi+1,ky ,σ +H.c.
)
−2ty cos(2παi + ky)nˆi,ky ,σ (A3)
and
H2DI =
U
Ly
∑
i
∑
ky1 ,ky2 ,ky3 ,ky4
δky1−ky2+ky3−ky4 ,2pi
cˆ†i,ky1 ,↑
cˆ†i,ky3 ,↓
cˆi,ky4 ,↓cˆi,ky2 ,↑, (A4)
In the limit of U → 0, by making substitutions of tx → t,
−2ty → λ, and ky → δ, the Hamiltonian H2D can be
mapped to the one-dimensional model with a periodic or
quasi-periodic modulation (Hamiltonian (1) in the main
text) which depends on α being rational or irrational
number. In spite of the existence of such a mapping for
the noninteracting systems, the interacting termH2DI un-
der the Fourier transformation displays obvious different
form as the on-site term of the Hamiltonian (2) in the
main text. While the interacting term for the 1D model
is only relevant to a given parameter of δ, the interact-
ing term H2DI couples different ky modes (corresponding
to δ) together. Therefore, the exact results for the one-
dimensional systems in the strongly interacting limit can
not be applied to the corresponding two-dimensional in-
teracting Hofstadter model directly.
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